Abstract-In this correspondence, a generalization of Hermitian function field proposed by Garcia and Stichtenoth is studied. A Weierstrass semigroup of the point at infinity for the case q = 2; r 3 is calculated. It turns out that unlike for the Hermitian case, there are already three generators for the semigroup. This result then is applied to codes, constructed on generalized Hermitian (GH) function fields. Further, results of Kirfel and Pellikaan are applied to estimating a Feng-Rao designed distance for GH codes, which improve on the Goppa designed minimum distance. Next, the question of codes dual to GH codes is studied. It is shown that the duals are also GH codes and an explicit formula is given. In particular, this formula enables one to calculate the parameters of a dual code. A new record-giving [32; 16; 12]-code over GF (8) is presented as one of the examples.
I. INTRODUCTION AND PRELIMINARIES
The main focus of the present correspondence is on the construction of codes on function fields, which we called generalized Hermitian (GH) function fields (GH fields). The term follows from the fact that well-known Hermitian function fields are a special case of the considered family. First, we will introduce some preliminary material. Section II is a technical core of this work, which will give us an opportunity to calculate or at least estimate parameters of codes, constructed on GH fields (generalized Hermitian codes; GHCs) in Section III. These codes turn out to have nice properties similar to those of Hermitian codes, but over larger alphabet. In fact, some of these codes over 8 attain record values for given parameters; one code delivers a new record. Also, their generator matrices can be obtained explicitly. Section IV is devoted to investigating a duality property of GH codes. It turns out that the duality property of GH codes is analogous to that of Hermitian codes. Section V gives some specific computational results. We finish with conclusions in Section VI.
First, recall that Hermitian function fields are from the family of elementary Abelian p-extensions of K(x), where char (K) = p > 0.
The main properties of these function fields that are of importance for coding theory are collected in the following [1, Lemma VI.4.4] .
Proposition 1.1:
The Hermitian function field over q ; q is a prime power, can be defined by H = q (x; y); with y q + y = x q+1 :
It has the following properties.
a) The genus of H is g = q(q 0 1)=2.
b) H has q 3 + 1 places of degree one over q , namely:
1) the common pole Q1 of x and y, and 2) for each 2 q , there are q elements 2 q such that q + = q+1 , and for all such pairs (; ) there is a unique place P ; 2 H of degree one with x(P ; ) = and y(P ; ) = . c) H= q is a maximal function field. (x) are the first and the second symmetric polynomials of (y; y q ; . . . ; y q ) and (x; x q ; . . . ; x q ), respectively.
ii) For r = 2, this curve is the Hermitian curve over q , and the result is well known (Proposition 1.1).
Our aim is to present an analogue of Proposition 1.1 for GH fields from Theorem 1.2.
Basically, Proposition 1.1 a) has its analogue in Theorem 1.2, Proposition 1.1.c) does not hold for GH curves starting with r 3. So, we have to find the analogue for Proposition 1.1 b) and d). The answer to d) is very important for the construction of GH codes and is given in Theorem 2.8 in Section II, but in order to justify the proof of this theorem we need some preparation.
Proposition 1.4:
Let F= q be a function field of the curve defined by (2) . Then the following holds.
a) The pole P1 2 (x) (by F we denote the set of places of a function field F ) of x in q (x) has a unique extension Q 1 2 F , and Q 1 j P 1 is totally ramified (i.e., ramification index e(Q 1 j P 1 ) = q r01 in the case q = 2 (constant field is 2 ). If we consider all q and r such that q r is fixed and q is a power of 2, then the maximal number of rational points will be when q = 2. This follows from the fact that N = 1 + q 2r01 = 1 + is the lowest when q = 2, and grows as q goes up. That is why studying the curves over q , where q is a power of a prime, is of interest.
As a prelude to finding the Weierstrass semigroup of Q 1 and the corresponding basis of L(sQ 1 ), let us first find orders of some functions at infinity (i.e., at Q1). The following lemma will give us an opportunity to find numbers that generate the whole Weierstrass semigroup of Q 1 .
Lemma 2.2: If we denote
ord(f ) := 0v Q (f ); := x 3 + y 2 ; := + xy then the following hold:
• ord(x) = 2 r01 ;
• ord(y) = 2 r01 + 2 r02 ;
• ord() = ord(xy);
• ord() = 2 r + 1.
Proof: As noted earlier, we have that x and y have orders at infinity, respectively, ord(x) = 0v Q (x) = 2 r01 and ord(y) = 0vQ (y) = 2 r01 + 2 r02 . When r 3, we have that ord(x) and ord(y) are both even, so we cannot expect them to generate the Weierstrass semigroup. So we have to search for other generator(s 2 ) will be lower than ord(x 3 ) = ord(y 2 ) and differ from those orders that could be generated by ord(x) and ord(y). So let us put := x 3 + y 2 . By squaring both sides of (3) For Strict Triangle Inequality to work, we need the highest orders not to be duplicated (if some lower orders are duplicated, we can sum corresponding functions and a resulting function will have either the same order, i.e., duplication is removed, or a lower order, so we can repeat our procedure, and so on). In order to find the highest order among orders of our summands, we need to compare the orders of x 2 +1 and The question of calculating of orders of functions was also studied in [11] . Obviously, ord() = 2 r + 1 is not a linear combination of 2 r01 and 2 r01 + 2 r02 . It turns out that this is all that we need in order to construct the Weierstrass semigroup of Q 1 (we denote it as WS(Q1)). Namely, the following holds.
Theorem 2.4:
This theorem can be proven via direct computations (cf. [10] ). But we will use the so-called telescopic semigroups, which will yield a short and elegant proof of the theorem. First, let us define what a telescopic semigroup is and give a result that we will use in the proof. Note, that g(3(r)) = g(WS(Q 1 )) per Theorem 1.2. Considering the fact that 3(r) WS(Q1) we conclude that 3(r) = WS(Q1).
As a straightforward, but very important corollary, we have the following. 
III. APPLICATION TO GH CODES
In coding theory ( [1] , [3] ), Hermitian codes have taken a special place, as this class of codes provides interesting and nontrivial examples of Goppa codes. These codes are over q , they are not too short compared with the size of the alphabet, and their parameters k (dimension) and d (minimum distance) are fairly good. In addition, there is an efficient way to produce generator matrices for these codes. All the basic facts on performance of a Hermitian code can be found in [1] .
We will now treat the GH codes. Of course, this proposition remains valid for arbitrary q, but for s 2 2r02 0 2 r01 0 1, the description of jS(s)j, which we obtained in Section II, is crucial.
Let us now present a generator matrix for the GH codes over 2 . We fix an ordering of the set T := f(; ) 2 2 2 2 j 2 + 111 + = 2 +2 + 11 1 + 3 g: For l = i 1 2 r01 + j(2 r01 + 2 r02 ) + k 1 (2 r + 1)s; i; k 0; j = 0; 1, we define a vector
As a corollary of Theorem 2.8 and Corollary II.2.3 from [1] we have the following.
Proposition 3.4:
Suppose that 0 < s < 2 2r01 and let k := jS(s)j. Then the k 2 2 2r01 matrix GHM s := (u l ) l2S(s) (8) is a generator matrix for GH s . Now we will show how an estimate from Proposition 3.3 can be improved by applying results from [9] . For this, we define
where WS(Q1) = (i)i2 is a non-gap sequence of Q1. For these codes a designed Feng-Rao distance FR (s) can be defined (for definition see [9] ). Without going deeply into details we only state that Note that the estimate in Proposition 3.3 is given via this designed distance.
In [9] ,Kirfel and Pellikaan give some estimates on FR for the case when a Weierstrass semigroup is telescopic. As this is the case in our situation, we can apply these results. First we quote the following.
Theorem 3.5 ([9, Theorem 6.10]):
Let the semigroup of non-gaps at P (P = Q 1 in (9)) be generated by the telescopic sequence (a 1 ; . . . ; a k ). Suppose a k = max(A k ) and d k01 = gcd(a1; . . . ; a k01 ) > 1. Let (i) be the non-gap sequence at P . For codes C(r) = C (D; r P ) we have FR(r) = minft j t r + 1 0 gg if 3g 0 2 0 (d k01 0 1)a k < r 3g 0 2 and g r. A direct application to our situation yields the following. From Proposition 3.7 we have FR (s) = minf t j t s 0 5g, if 7 < s 16. Where for FR (s) > 0 (s) a bold font is used.
The case s = 16 is of particular interest, see Section V.
IV. DUALITY PROPERTY
In this section, we want to establish a duality property for the GHC, which turns out to generalize the one of Hermitian code. First, let us recall the corresponding result for Hermitian codes. Now we will formulate an analogous result in a more general setting and then apply it to . Consider a curve G over q given by an equation (f(y)) q + y = g(x); f(T ); g(T ) 2 q [T ] . Suppose that G is absolutely irreducible. Denote a function field of G by F. Let N = N(F) and g = g(F) denote the number of rational points and the genus of F respectively. Suppose further that the pole P 1 of x in q (x) has a unique extension Q 1 2 F, and Q1 j P1 is totally ramified. From this it follows that Q1 is a place of F= q of degree one and (x) 1 = q 1 degf(T ) (cf. the Proof of Proposition 1.4). Finally, assume that for each 2 q , there are q 1 degf(T ) elements 2 q such that (f()) q + = g(), and for all such pairs (; ) there is a unique place P ; of degree one with x(P ; ) = ; y(P ; ) = .
Consider a family of codes
where D = (f()) +=g() P ; . We will be interested in the case, when 0 l N + 2g 0 3. Note that HC and GHC are C l -codes for a special choice of the curve G.
Theorem 4.2:
The dual code of C l is C ? l = C N+2g030l :
Proof: First, we will need the following lemma. 
where Di(F= q (x)) is a different of F= q (x). We know that (x)1 = qdegf 
Next, 0 (y) = 1. So 8 F 3 P 0 j P : d(P 0 j P ) v P (1) = 0. By definition of d(P 0 j P ) we have that d(P 0 j P ) 0. It follows that d(P 0 j P ) = 0. As P 1 is totally ramified, we obtain that Di(F= q (x)) = a 1 Q 
V. COMPUTATIONAL RESULTS
Here we demonstrate some computational results on GH codes over 2 . The codes (their generator matrices) were computed using SIN-GULAR computer algebra system [4] , [7] the minimum distance was computed in GAP computer algebra system [5] .
In Table II 
VI. CONCLUSION
In this correspondence, we studied generalization of Hermitian function field proposed by Garcia and Stichtenoth. We calculated a Weierstrass semigroup of the point at infinity for the case q = 2; r 3.
It turned out that unlike in the Hermitian case, we have already three generators for the semigroup. We then applied this result to codes, constructed on generalized Hermitian function fields. Further, we applied results of Kirfel and Pellikaan to estimating a Feng-Rao designed distance for GH codes, which improved on Goppa designed distance. Next, we studied the question of codes dual to GH codes. We identified that the duals are also GH codes and gave an explicit formula. We concluded with some computational results. In particular, a new record-giving [32; 16; 12]-code over 8 was presented. As a further work, one can study a structure of the Weierstrass semigroup for other values of q. It could also be interesting to apply a theory of generalized weights to GH codes.
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